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We perform a systematic one-loop renormalization to the standard model with a nonlinearly
realized Higgs boson field and the electroweak chiral Lagrangian up to O(p2) order. We find even in
the nonlinear form, the Higgs model of the standard model is renormalizable in our procedure. We
also examine β functions of gauge couplings for the standard model and β functions for anomalous
couplings in the electroweak chiral Lagrangian up to O(p2) order, and find our results agree with all
well-known results. Based on these observations, we conclude that our calculation procedure could
be a correct one to systematically construct the divergences of the electroweak chiral Lagrangian
when O(p4) operators are included.
PACS numbers: 11.10.Gh, 11.10.Hi, 12.15.Ji, 12.15.Lk
I. INTRODUCTION
How to perform the systematic renormalization of the
electroweak chiral Lagrangian (EWCL) [1, 2, 3, 4, 5, 6]
including dimensionless anomalous couplings is a long-
time unsolved puzzle [7, 8, 9, 10, 11, 12, 13, 14, 15]. In or-
der to obtain the correct answer, the correct renormaliza-
tion procedure is very crucial. Otherwise, it seems con-
fusing that starting with one unique theory, the EWCL,
we can have different answers, as shown in literatures.
While according to statements of the effective field the-
ory method [16, 17, 18], even with the nonrenormalizable
theory, in principle, the radiative correction should be
well-defined by using the renormalization group method.
Based on the validity and great success of the effective
field theory method in B physics [19] and low energy
hadronic physics [20, 21], etc, we believe that there exists
a unique correct answer about the radiative corrections
of anomalous couplings in the EWCL.
It is well-known that if a theory is not renormalizable,
in order to construct the renormalization group equa-
tions (RGE), a correct renormalization procedure which
can reliably extract divergences is very crucial and impor-
tant. In a gauge theory, the divergences of renormaliza-
tion constants are gauge dependent, but the one-loop β
functions of the gauge couplings are gauge independent.
Therefore, even in a nonrenormalizable theory (say, the
EWCL), we expect that we can construct gauge inde-
pendent one-loop β functions for anomalous couplings.
We are fully aware of the fact that gauge choosing is
very important for gauged nonlinear sigma models, as
pointed out by Einhorn [22, 23] and as we learn from the
history of renormalization of the massive Yang-Mills the-
ories [5, 24] and the standard model [25]. For example,
the calculations in unitary gauge [13, 14] (a nonrenor-
malizable gauge [25, 26]) by using the dimensional regu-
larization scheme with O(p2) operators can not produce
the same divergences of those obtained in Landau gauge
[3, 4, 27, 28, 29], and therefore have the difficulty to
produce the ”screening effects” of a decoupled Higgs, as
dubbed by Veltman [30]. Therefore we believe that a cor-
rect systematic renormalization procedure should choose
a renormalizable gauge and at least pass the following cri-
teria: to demonstrate the renormalizability of the SM, to
reproduce the correct divergences of O(p2) operators, to
generate the correct β functions for the gauge couplings,
etc.
This paper is devoted to investigate our renormaliza-
tion procedure and examine whether it can pass these
criteria. Before launching on the systematic one-loop
renormalization of the EWCL including all dimensionless
anomalous couplings [31], we regard that it is a necessary
and constructive step for us to first examine two simple
cases: 1) the nonlinearly realized Higgs model and 2) the
EWCL up to O(p2) operators. We will explore two types
of power counting rules in our calculation: Weinberg’s
derivative power counting rule [16] and Georgi-Manohar
mass dimension power counting rule (naive dimension
analysis) [32]. We will also introduce the superficial di-
vergence power counting rule which is important for the
construction of divergences.
By using the background field method [33, 34], the
Stueckelberg transformation [35, 36], path integral, heat
kernel [37, 38] and dimensional regularization method,
and MS renormalization scheme, we show how to per-
form the systematic renormalization at one-loop level
with a nonlinearly realized Higgs boson and the EWCL
in O(p2) operators without a Higgs boson. New points
in this paper include: 1) Compared with calculation in
the momentum space [29], some nonperturbative con-
tributions can be reliably extracted out in coordinate
space for the nonlinearly realized Higgs model; 2) With
the help of the classic equation of motions of the vector
and Higgs bosons and with a proper parameterization of
the Goldstone fields, the nonlinearly realized standard
model with a Higgs boson is still renormalizable in one-
loop level at least; this point is not trivial, there is no
reference which has shown us that the standard model
with a nonlinear realized standard model is renormaliz-
able. 3) Weinberg’s derivative power counting rule and
Georgi-Manohar’s mass dimensional analysis are compat-
ible with each other in the nonlinearly realized SM with
a Higgs boson; 4) Gauge fixing term for vector bosons
can be defined in either mass eigenstates or weak inter-
action eigenstates due to the global symmetry in ghost
2sector. 5) The β functions of the gauge couplings in
our calculation procedure agree with well-known results
[39, 40, 41]. 6) Our calculation procedure reproduces the
well-known divergences of O(p2) operators at one-loop
level [3, 4, 27, 28, 29]. 7) We also show how to construct
the ghost BRST transformations in the background field
method with and without a nonlinearly realized Higgs
fields, which might be of special importance to under-
stand the higher order renormalizability of the nonlin-
early realized SM with a Higgs boson and the EWCL up
to O(p2) order.
Based on these points, we conclude that our renormal-
ization procedure is suitable and trustable in construct-
ing divergences of the EWCL, even though such a theory
is a nonrenormalizable theory in the perturbation expan-
sion due to the nonlinearly realized Goldstone bosons.
As far as we know, all the techniques, methods, and
concepts demonstrated in this paper have been used
in the hadronic chiral Lagrangian, up to O(p4) order
[20, 21], and up to O(p6) order calculations[42, 43], two
loop renormalization in gravity in 4 dimension [44], three
loop β functions in Yang-Mills theory [45], the one-loop
renormalization in the π − ρ system [46, 47], and the
gauged nonlinear SU(2) sigma model including dimen-
sionless anomalous couplings [48].
For the sake of consistency and simplicity, we avoid
the Wick rotation in the loop integral and simply work
in the Euclidean coordinate space to extract divergences.
We have checked our formula for extracting divergences
in the coordinate space with those provided in [44, 50]
and found agreement.
II. THE SU(2) × U(1) STANDARD MODEL WITH
NONLINEARLY REALIZED HIGGS BOSON
The classic Lagrangian of the standard SU(2)× U(1)
gauge theory without including Fermions can be formu-
lated as
L = −H1 −H2 − (Dφ)† · (Dφ)
+µ2φ†φ− λ
4
(φ†φ)2 , (1)
H1 =
1
4
W aµνW
aµν , (2)
H2 =
1
4
BµνB
µν , (3)
where the W and B are the vector bosons of SUL(2) and
UY (1) gauge groups, respectively. The φ is the Higgs
field, a weak doublet. The µ2 and λ are two variables
of the Higgs potential, which determine the spontaneous
breaking of symmetry. The definitions of other quantities
are standard and listed as
W aµν = ∂µW
a
ν − ∂νW aµ + gfabcW bµW cν , (4)
Bµν = ∂µBν − ∂νBµ , (5)
Dµφ = ∂µφ− igW aµT a + iyφg′BµT 3φ , (6)
φ† = (φ∗1, φ
∗
2) , (7)
where T a are the generators of the Lie algebra of SU(2)
gauge group, and a = 1, 2, 3. The Y charge of the field
φ is given as yφ = 1. The g and g
′ are the couplings of
the corresponding gauge interactions, respectively.
The spontaneous symmetry breaking is realized by tak-
ing the mass square µ2 to be positive. The vacuum ex-
pectation value of Higgs field is solved from the Higgs
potential as |〈φ〉| = v/√2. According to the Goldstone
theorem, there are three Goldstone bosons which break
break SUL(2)× UY (1) down to UEM(1) symmetry. And
by eating the corresponding Goldstone bosons, the vec-
tor bosonsW and Z obtain their masses, while the vector
bosons A of the unbroken U(1)em gauge symmetry are
still massless.
The Lagrangian given in Eq. (1) with the Higgs mecha-
nism can be reformulated in its nonlinear form by chang-
ing the variable φ
φ =
1√
2
(v + h)U , U = exp (2iζaT a) , v = 2
√
µ2
λ
, (8)
where the h is the Higgs scalar, v is the vacuum ex-
pectation value. The U is a phase factor, and the
ζa, a = 1, 2, 3 are the corresponding phases which can
be parameterized as the Goldstone bosons, as prescribed
by the Goldstone theorem. The exact form for this pa-
rameterization will be given latter.
As we know, the change of variables in Eq. (8) induces
a determinant factor in the functional integral Z
Z =
∫
DW aµDhDξb exp
(
S ′[W,h, ξ]
)
(9)
× det
{(
1 +
h
v
)
δ(x − y)
}
, (10)
and correspondingly modifies the Lagrangian density to
L = −H1 −H2 − (v + h)
2
4
tr[DU † ·DU ]
−1
2
∂h · ∂h+ µ
2
2
(v + h)2 − λ
16
(v + h)4
+δ4(0)ln
{
1 +
h
v
}
. (11)
As pointed out by several references [36, 51], this determi-
nant containing quartic divergences is indispensable and
crucial to cancel exactly the quartic divergences brought
into by the longitudinal part of vector bosons, and is im-
portant in verifying the renormalizability of the Higgs
model in the U-gauge and the equivalence of U-gauge to
other gauges.
3There are also quartic divergent terms induced by ζ as
shown in [36], here we have omitted them.
The Lagrangian L given in Eq. (11) is invariant under
the following local SU(2)L×U(1)Y chiral transformation
U → gLUg†R ,
Wµ → g†LWµgL + i
1
g
g†L∂µgL ,
Wµν → g†LWµνgL ,
Bµ → Bµ + i 1
g′
g†R∂µgR ,
Bµν → Bµν ,
v + h → v + h , (12)
where the gauge transformation factors gL and gR are
defined as
gL = exp
{
− igαaLT a
}
,
gR = exp
{
− ig′βRT 3
}
. (13)
Here αa and βR are parameters of gauge group transfor-
mations.
In order to contact with the standard nonlinear re-
alization formalism [52, 53], we can define a covariant
differential operator
Vµ = U
†∂µU − igU †WµU + ig′Bµ , (14)
therefore the mass term tr[DU † ·DU ] can be formulated
as
tr[DU † ·DU ] = −tr[V · V ] . (15)
The minus sign is from the fact that (DµU
†) =
−U †(DµU)U †.
Compared with the nonlinear sigma model, we are fully
aware of that there exist two types of power counting
rules which can be introduced: 1) Weinberg’s derivative
power counting rule [16]. In order to make all these op-
erators as O(p2) order, we must assign
[v]p = [h]p = [W ]p = [B]p = [ξ]p = 0 ,
[∂]p = [g]p = [g
′]p = 1 , [µ2]p = [λ]p = 2 . (16)
This power counting rule is self-consistent in the assign-
ment of [v]p = 0, which is determined as v =
√
µ2/λ.
With this power counting rule, the one-loop divergence
terms should be counted as O(p4), which can be served
as self-consistency checking for this rule. 2) Georgi-
Manohar mass dimension power counting rule [32] with-
out Fermion is equivalent to count the mass dimension
of fields and couplings, we have
[g]m = [g
′]m = [λ]m = 0 , [v]m = [h]m = 1 ,
[W ]m = [B]m = [ξ]m = [∂]m = 1 , [µ
2]m = 2 .(17)
Due to the fact that the theory is renormalizable when
formulated with a linear form, so the one-loop divergence
terms are expected to just repeat those tree-level opera-
tors while the couplings and mass parameter are expected
to shift in order to absorb the UV divergences, which is
exactly the meaning of the renormalizability.
These two power counting rules also serve as an impor-
tant guidance for us to check our intermediate and final
results.
III. THE NONLINEARLY REALIZED SM IN
THE BACKGROUND FIELD METHOD
The Higgs sector beaks the local symmetry SUL(2) ×
UY (1)→ UEM(1) and fixes the mixing in the vector sec-
tor from weak interaction eigenstates to the mass eigen-
states. The transformation from the weak eigenstates to
the mass eigenstates is determined by the following rela-
tions
W± =
1√
2
(
W 1 ∓ iW 2) ,
Z = sin θWB − cos θWW 3 ,
A = cos θWB + sin θWW
3 , (18)
where θW is Weinberg angle.
Correspondingly, the rotation in the vector fields in-
duces the corresponding rotation in the gauge group pa-
rameters
α± =
1√
2
(α1 ∓ iα2) ,
αZ = sin θWβY − cos θWα3 ,
αA = cos θWβY + sin θWα3 . (19)
We observe that these orthogonal rotations do not change
neither the Lagrangian nor the functional measure non-
trivially. Here, the rotation in the gauge group param-
eters is matched with the rotation of the vector fields,
which is necessary to guarantee the well-defined ghost
sector. We will address the issue of matching in the next
section.
In the spirit of the background field gauge quantization
[20, 33, 34], we can decompose the Goldstone field into
the classic part U and quantum part ξ as
U → UÛ , Û = exp{ i2ξ
(v + h)
} . (20)
Here we parameterize the Goldstone phase in ξ/(v + h).
To parameterize the quantum Goldstone field in the
above form is to simplify the presentation of the standard
form of quadratic terms of Goldstone bosons. With this
parameterization, the D’Alambert operator of Goldstone
bosons enjoys the advantage that the quartic divergences
are well-organized [49].
4Compared with the standard parameterization of the
Goldstone’s degree of freedom in the hadronic chiral La-
grangian [20], our parameterization modifies the defini-
tion of the Goldstone
ξ =
v + h
v
ξ˜ , (21)
where the ξ˜ is the standard Goldstone field, or π fields in
the hadronic chiral Lagrangian. This parameterization
also induces a new quartic term in the Lagrangian and
modifies it as δ4(0)ln(1 + (ĥ/(v + h))). Such a modifi-
cation in the parameterization of the Goldstone fields is
justified by the equivalence theorem [54]. However, such
a parameterization of Goldstone fields becomes invalid
when the system has singular solutions with v + h = 0
(vortex solutions) [55]. However, we only care about the
perturbation and UV divergences around the regular so-
lution v + h 6= 0, therefore such a parameterization can
be acceptable.
The vector boson field are split as
Vµ → V µ + V̂µ , (22)
where V µ = (W µ, Bµ) represents the classic background
vector fields and V̂µ = (Ŵµ, B̂µ) represents the quantum
vector fields.
By using the Stueckelberg transformation [35, 36] for
the background vector fields,
W
s → U†WU + iU†∂U ,Bs → B ,
Ŵ s → U†ŴU , B̂s → B̂ , (23)
the background Goldstone fields can be completely ab-
sorbed by redefining the background vector fields, and
will not appear in the one-loop effective Lagrangian. By
formulating the term tr[DU † · DU ] into the standard
nonlinear chiral realization form −tr[V · V ] [52, 53], we
observe that in the Stueckelberg transformation, only
SU(2) weak bosons are modified while the U(1) boson
is unaffected.
The Stueckelberg fields is invariant under the gauge
transformation of the background gauge fields, such a
property guarantees that the following computation is
gauge invariant under the classic gauge transformation
from the beginning if we can express all effective vertices
into the Stueckelberg fields. Such a fact is more appar-
ently by examining the partition functional Z, which is
invariant under the classic gauge transformation. After
the loop calculation, by using the reversed Stueckelberg
transformation, the Lagrangian can be restored back to
the form represented by its low energy degree of freedom
[36]: the transverse vector bosons and the longitudinal
Goldstone bosons.
In effect, the combination of the background Goldstone
boson field and background vector boson field into the
Stueckelberg fields is equivalent to take the unitary gauge
for the classic fields. In this case, the mass eigenstates of
A and Z are understood as the mixing between the third
component of the dressed SU(2) vector fields and the un-
dressed U(1); the mass eigenstates of W± as the mixing
between the first and second components of the dressed
SU(2) vector fields. Since only the quantum fields need
to be quantized, we can take different gauges for the clas-
sic fields and the quantum fields [33, 34], which is one of
the advantages of the background field method.
Similarly to the vector bosons, the Higgs boson is split
as
h = h+ ĥ , (24)
where h and ĥ are classic and quantum Higgs boson,
respectively.
IV. THE EOM, QUANTIZATION AND THE
GAUGE FIXING TERMS
The equation of motion of the background classic vec-
tor fields (Stueckelberg field, below we omit the s in
both the classic and quantum fields) is determined by
the Euler-Lagrange variation method, which can be sim-
ply formulated as
DµW˜νµ = −σ0,V V V ν , (25)
with W˜µν,T = {Aµν + ieFµνZ , Zµν − i g
2
G
FµνZ ,W
+,µν −
igF+,µν,W−,µν − igF−,µν}. Here and below, we omit
the overline on the classic field for the simplicity of rep-
resentation. The V T means the (A,Z,W+,W−). The
relevant definition are given as
Aµν = ∂µAν − ∂νAµ ,
Zµν = ∂µZν − ∂νZµ ,
W±µν = dµW
±
ν − dνW±µ ,
FµνZ = W
µ
+W
ν
− −Wµ−W ν+ ,
Fµν± = ±(ZµW ν± −Wµ±Zν) ,
dµW
±
ν = ∂µW
±
ν − i(±1)eAµW±ν . (26)
The covariant operator D will be given when we define
the D’Alambert operator of vector boson fields.
The EOM of vector bosons induces the following rela-
tions
∂ ln(v + h) · Z = −1
2
∂ · Z , (27)
∂ ln(v + h) ·W+ = −1
2
d ·W+ + i1
2
g′2
G
Z ·W+ ,(28)
∂ ln(v + h) ·W− = −1
2
d ·W− − i1
2
g′2
G
Z ·W− ,(29)
which can also be obtained by extracting the linear terms
of Goldstone fields. According to the our calculation, it
seems that it is not necessary to impose the condition
∂A = 0.
5The equation of motion of the background Higgs field
is given as
∂2h = (v + h)[
G2
4
Z · Z + g
2
2
W+ ·W−
−µ2 + λ
4
(v + h)2] . (30)
These equations of motion satisfy both power counting
rules. In the Weinberg’s derivative power counting rule,
both sides of the EOM of vector and Higgs fields are
counted as 2. In the Georgi-Manohar mass dimension
power counting rule, both sides of the EOM of vector
and Higgs fields are counted as 3 (The EOM of photon
is different, only left hand side is counted as 3, while the
right hand side is counted as 0).
The quantization of the dynamics system is selected
to be performed around the classic gauge transforma-
tion given in Eq. (23). The quantum degree of free-
doms include quantum vector bosons, quantum Gold-
stone bosons, and quantum Higgs bosons, and the parti-
tion functional without gauge fixing terms can be formu-
lated as
Z[V, h] = N
∫
DαDV̂ DĥDξ · · · , (31)
where the vector and Goldstone bosons are formulated in
mass eigenstates. The vector quantum fields, V̂ , repre-
sent Â, Ẑ, Ŵ+, and Ŵ−. In the Goldstone bosons, unlike
in the gauged nonlinear SU(2) sigma model, there is no
SUc(2) global symmetry any more. And the Goldstone
bosons must be parameterized as ξZ , ξ+, and ξ−.
In order to separate the infinite volume of gauge group
parameter, we use the covariant background gauge fixing
[33, 34]. Follow the standard quantization procedure, the
infinite gauge parameter volume is separated by imposing
gauge fixing to the quantum fluctuations, as given as
Z[V, h] =
∫
DαZG[V, h] , (32)
where ZG is the fixed partition functional, which can be
expressed as
ZG[V, h] = N ′
∫
DV̂ DBDĥDξDvDu · · · (33)
Quantization procedure introduces two types of real
ghost fields, v and u, into the quantum degree of free-
doms. Here we follow the convention of references
[56, 57, 58] to label these two types of ghost differently.
The Lagrangian of ZG is given as
L = L(V, h; V̂ , ξ, ĥ) + LNL , (34)
where the first term contains the classic vector bosons
(in U-gauge) and the classic Higgs bosons, the quantum
fields. And the second term contains gauge fixing terms.
In the Nakanishi-Lautrup auxiliary field form, the gauge
fixing and ghost terms [59] can be formulated as
LNL = iF aBa − 1
2
BaΓabBb
−ivaMab δF
b
δαa¯
M
a¯b¯
ub¯ . (35)
Here we have deliberately used the index b¯ to label u
type ghost and the gauge group parameter index to dis-
tinguish the ghost and anti-ghost. Due to the structure
of the semi-simple group, the matrices Γab, Mab, and
M a¯b¯, are introduced to accommodate the rotation of F a,
va and ua¯. The matrices Mab and M
a¯b¯
are related with
the ambiguity in exponentializing the Faddeev-Popov de-
terminant to the Lagrangian. Such an ambiguity could
occur if the detMab and detM
a¯b¯
do not vanish, the fol-
lowing relation can be justified
det(
δF a
δαb¯
) =
det(Mab δF
b
δαa¯
M
a¯b¯
)
det(Mab) det(M
a¯b¯
)
. (36)
If the F a (here the index a is related with quantum field
index) rotatate to a′, in order to have well-defined canon-
ical ghost fields, the αa¯ must rotate accordingly. For
example, for the gauge fixing given in Eq. (39, where
the field index have changed from a = (Y, 3, 1, 2) to
a′ = (A,Z,W+,W−), if we do not defined αA as given
in Eq. (19) while keep using the αY and α3, we will find
that the ghost kinetic term have the following form
−vA∂2(cos θWuY + sin θWu3)
−vZ∂2(sin θWuY − cos θWu3) + · · · . (37)
In the Hamiltonian form with the canonical ghost fields
and its conjugate fields, and the canonical commutation
relation and the propagators can not be well-defined,
therefore the quantization procedure has problems. So
we emphasize here, that the matching between the ro-
tations of gauge fields and gauge group parameters are
important for the ghost term.
To represent ghost fields and anti-ghost differently is
for the correct hermiticity assignment as pointed out by
[57, 58], and is well-known in the conformal field theory
[60] where b and c type real ghosts are introduced. Here
we would like to emphasize that the rotations of ghost
and anti-ghost are independent. The rotation of v type
ghosts can be related with the change of F a fields, and
the rotation of u type ghosts are related with the rota-
tion of the gauge parameter α. After diagonalizing of
Nakanishi-Lautrup auxiliary fields Ba, the eigenvalues of
the matrix Γ are required to be real and positive. The
Landau gauge and the unitary gauge, which correspond
to the case that some of the eigenvalues of the matrix Γ is
zero and infinite, respectively. These two extreme cases
should be treated carefully in the functional integral, as
shown in [61] and in [36], respectively.
6The quantization of Yang-Mills fields can be performed
in a more strict and sophisticated way by incorporating
BRST global symmetry in the formalism, as shown in
[62]. However, for our purpose, here we provide a sim-
ple and direct understanding on the quantization, the
gauge fixing, and gauge parameter independence for the
S-matrix. The quantization and gauge fixing can be un-
derstood as a procedure to couple the vector dynamic
system to an auxiliary system. Even after the covariant
Lorentz gauge fixing, in the SU(N) theories for instance,
the auxiliary system can still enjoy an isospin-like global
symmetry and scaling symmetry as analyzed in [63]. The
global symmetry and scaling symmetry can be equally
represented in the arbitrariness of choosing Γ and twoM
matrices in the LNL. The S-matrix should be indepen-
dent of parameters of these matrices.
The real ghost fields enjoy a scaling transformation
invariance which is related with the ghost number con-
servation law.
v → eλv
u → e−λu , (38)
v is identified as anti-ghost field, while u is identified
as ghost field. This ghost number conservation scaling
transformation is consistent with the hermiticity assign-
ment [57, 58]. This scaling group is the subgroup of gen-
eral matrix M and M , both of which are defined with
each component is a complex number.
The gauge fixing term for the quantum fields are cho-
sen in the mass eigenstates, and are given as below
LGF,A = −1
2
(∂ · Â
−ie(Ŵ− ·W+ − Ŵ+ ·W−))2 , (39)
LGF,Z = −1
2
(∂ · Ẑ − 1
2
G(v + h)ξZ
+i
g2
G
(Ŵ− ·W+ − Ŵ+ ·W−))2 , (40)
LGF,W = −(d · Ŵ+ + 1
2
g(v + h)ξ+W + i
g2
G
Z · Ŵ+
−i g
2
G
W+ · Ẑ + ieW+ · Â)
(d · Ŵ− + 1
2
g(v + h)ξ−W − i
g2
G
Z · Ŵ−
+i
g2
G
W− · Ẑ − ieW− · Â) . (41)
To determine the gauge parameters, we use the follow-
ing guidances: 1) The D’Alambert operator of quantum
vector field must have the form as given in Eq. (44).
When gauge potential is neglected, this correspond to the
Feynman-’t Hooft gauge in the momentum space. The
terms with background fields in the gauge fixing term
have the function to eliminate extra Lorentz structures
in the vector sector, and guarantee a well-defined exact
vector propagator in coordinate space. 2) Although we
can introduce nonlinear terms of ξ, up to one-loop level,
we only consider the linear term in the gauge fixing. This
linear term induces mass term of the corresponding ghost
fields. The nonlinear terms might be useful when we con-
sider beyond one-loop calculation, and these nonlinear
terms also induce nonlinear interactions between Gold-
stone and ghost. Since we only consider one-loop renor-
malization, we confine to the linear term. 3) There is
no mixing between massive vector fields and their corre-
sponding Goldstone bosons, and there is no mixing be-
tween massless photon fields and chargeless Goldstone
ξZ ; which is a typical feature of Feynman-’t Hooft gauge.
4) The classic UEM(1) symmetry must be fulfilled explic-
itly.
These gauge fixing terms will fulfill two important
functions when we consider to extract divergences: 1)
to guarantee that the exact vector propagator have well-
controlled divergence structure. 2) to eliminate the ki-
netic mixing term between the vector and Goldstone
fields and to make the expansion of the vector and Gold-
stone mixing term Tr ln(1 − ⇀Xξ−1V V
↼
Xξ
−1
ξξ ) to stop in
producing UV divergences to a specific term. We avoid in
using the Landau gauge as being used in [3, 4, 27, 28, 29],
which has the advantage to identify the massless poles to
the Goldstone particles in the asymptotic region and to
eliminate the ghost-Goldstone interactions. The reason is
that it makes the expansion of vector-Goldstone mixing
term complicated.
By using the arbitrariness in choosing Γ and two M
matrices, we can rotate these gauge fixing terms back to
weak interaction form (the background vector fields and
gauge group parameters also rotate accordingly), which
have the following form
FY = ∂ · Bˆ − g
′
2
(v + h)ξZ ,
F iW = (δ
ij∂ + gf ijkW j) · Wˆ k + g
2
(v + h)ξi . (42)
Such a fact demonstrates we can put gauge fixing terms
either in mass eigenstates or in weak interaction eigen-
states for vector bosons, and they are equivalent with
each other and do not affect the S-matrix, as indicated
by Γ and two M matrices in the LNL given in Eq. (35).
Gauge fixing terms in the weak interaction eigenstate ba-
sis have the advantage to explicitly show that our gauge
fixing terms are covariant background field gauge fixings.
V. THE QUADRATIC FORMS OF THE
ONE-LOOP LAGRANGIAN
Since we only care about the one-loop renormaliza-
tion, we can only concentrate on quadratic terms (bilin-
ear terms) of quantum fields and neglect those trilinear
terms, quartic terms, and higher order terms in the La-
grangian. Those terms neglected are necessary when we
consider higher order renormalization.
In order to make the one-loop renormalization easier to
handle, we cast the quadratic quantum fluctuation terms
7of the one-loop Lagrangian into a standard form, which
reads
Lquad = −
{
1
2
V̂ †aµ 
µν,ab
V V V̂
b
ν +
1
2
ξ†iijξ ξξ
j
+vaabvuu
b +
1
2
hˆhhhˆ
+
1
2
V̂ †,aµ
↼
X
µ,aj
ξ ξ
j +
1
2
ξ†,i
⇀
X
ν,ib
ξ V̂
b
ν
+
1
2
V̂ †,aµ
↼
X
µ,a
h ĥ+
1
2
ĥ
⇀
X
µ,a
h V̂
a
µ
+
1
2
ξ†,iX iξhĥ+
1
2
ĥX ihξξ
i
}
, (43)

µν,ab
V V = −D2,abgµν + σab0,V V gµν + σµν,ab2,V V , (44)

ij
ξ ξ = −d2,ij + σij0,ξξ + σij2,ξξ , (45)
hh = −∂2 +m2h + σhh , (46)

ab
vu = −D2,ab + σ,ab0,V V , (47)
X ihξ = X
α,i
hξ dα +X
i
hξ,0 , (48)
X iξh = X
α,i
ξh ∂α +X
i
ξh,0 , (49)
where V̂ † = (Â, Ẑ, Ŵ−, Ŵ+) and V̂ T =
(Â, Ẑ, Ŵ+, Ŵ−), ξ† = (ξZ , ξ−, ξ+) and ξT =
(ξZ , ξ
+, ξ−), and v = (vA, vZ , v−, v+, ) and
uT = (uA, uZ , u+, u−). The Hermitian transforma-
tion in our calculation is defined as
(V )† = V † , (ξ)† = ξ† , (v)† = v† , (u)† = u† . (50)
The Hermitian transformation is equal to the charge con-
jugate transformation in the vector, Goldstone, and ghost
sector. The Lagrangian given in Eq. (43) is invariant
under this Hermitian transformation (charge conjugate).
Here we would like to emphasize that our Hermitian
transformation has only charge conjugate and does not
require the transpose transformation.
The covariant differential operators D = ∂ + ΓV and
d = ∂ + Γξ, and the gauge connection of vector bosons
ΓV is defined as
0 0 ieW−µ −ieW+µ
0 0 −i g2
G
W−µ i
g2
G
W+µ
ieW+µ −i g
2
G
W+µ −ieAµ + i g
2
G
Zµ 0
−ieW−µ i g
2
G
W−µ 0 ieAµ − i g
2
G
Zµ
 .
The gauge connection of Goldstone bosons Γξ is defined
as  0 i g2W−µ −i g2W+µi g
2
W+µ −ieAµ 0
−i g
2
W−µ 0 ieAµ
 .
While for the ghost term the covariant differential op-
erator is the same one as that of the vector boson fields,
similar to the case without spontaneous symmetry break-
ing.
All gauge potentials satisfy the anti-Hermitian prop-
erty like ∂, therefore the differential operators iDµ is
Hermitian. All exact propagators in Eqs. (44—47) are
Hermitian, so their spectra are expected to be positive
and definite and the heat kernel regularization (and the
Schwinger proper time) method can be reliably used to
extract divergences. Here due to the fact that there is
no Fermion included, we do not need to use any extra
prescription to make the operators Hermitian, as people
do for the most general Dirac operator which violates the
hermiticity assignment [20].
Here we would like to comment on the hermiticity as-
signment given in [57, 58]. The ghost fields are scalar
fields but satisfy anticommutation relation. In order to
construct physical spectrum of the non-Abelian theory
and have a well-defined S-matrix in the operator for-
malism, the correct hermiticity assignment should be de-
fined, such a convention is widely taken in conformal and
string theories. Considering the remnant UEM(1) symme-
try, here we have modified this hermiticity assignment
simply as charge conjugate. Historically, the ghost fields
are introduced as complex fields. For the perturbation
calculation, for all existed examples as far as we know,
such an assignment makes no difference. However, we
find when O(p4) operators are included, such a hermitic-
ity assignment indeed makes difference [31]. Anyhow,
for the current two cases, such a hermiticity assignment
makes no difference.
The matrix σ2,V V contains Lorentz tensor structure
and corresponds to the dipole magnetic term of vector
bosons due to the fact that vector bosons are spin-one
particles. It is given as
σµν,ab
2,V V =

0 0 σµν
2,AW+
σµν
2,AW−
0 0 σµν
2,ZW+
σµν
2,ZW−
σµν
2,W−A
σµν
2,W−Z
σµν
2,W−W+
0
σµν
2,W+A
σµν
2,W+Z
0 σµν
2,W+W−
 ,
and each of its components reads as
σµν
2,AW+
= −σµν
2,W+A
= 2ieW˜−,µν ,
σµν
2,AW−
= −σµν
2,W−A
= −2ieW˜+,µν ,
σµν
2,ZW+
= −σµν
2,W+Z
= −2i g
2
G
W˜−,µν ,
σµν
2,ZW−
= −σµν
2,W−Z
= 2i
g2
G
W˜+,µν ,
σ2,W−W+ = −σ2,W+W− = 2igW 3,µν . (51)
Here we would like to mark that σV V is Hermitian. Un-
der the Hermitian transformation, the Lorentz indices
should be exchanged as µ → ν(ν → µ), and this makes
the invariance of σV V explicitly. The σV V does not de-
pend on the background Higgs field h.
Goldstone bosons are spin-zero particles, but the ma-
trix σ2,ξξ does not vanish and has scalar structure in the
8Lorentz index. It is given as
σij
2,ξξ =
 σ2,ξZξZ σ2,ξZξ+ σ2,ξZξ−σ2,ξ−ξZ σ2,ξ−ξ+ σ2,ξ−ξ−
σ2,ξ+ξZ σ2,ξ+ξ+ σ2,ξ+ξ−
 ,
and each of its components reads as
σ2,ξZξZ =
g2
2
W+ ·W− − ∂
2h
v + h
,
σ2,ξ+ξ+ = −g
2
4
W− ·W− ,
σ2,ξ−ξ− = −g
2
4
W+ ·W+ ,
σ2,ξZξ+ = σ2,ξ+ξZ =
gG
4
W− · Z ,
σ2,ξZξ− = σ2,ξ−ξZ =
gG
4
W+ · Z ,
σ2,ξ+ξ− = σ2,ξ−ξ+ =
g2
4
W+ ·W− + G
2
4
Z · Z
− ∂
2h
v + h
. (52)
The σ2,ξξ, under the Hermitian transformation, is explic-
itly invariant. The term ∂
2h
v+h
in the σ2,ξZξZ and σ2,ξ+ξ−
is not trivial, and it represents a nonperturbative expan-
sion on the h field. By using the momentum expansion
and simply extracting Feynman rule, we can not obtain
such a compact form.
In order to explicitly trace the function of the EOM of
the Higgs field to eliminating extra divergence structures,
we have restricted from substituting ∂2h term in σ2,ξξ by
the equation Eq. (30).
The ghost fields are spin-zero particles, their propaga-
tors have no nontrivial σ structure, like ordinary scalar
particles. However, we observe that the ghost fields are
different from the Goldstone fields in this aspect.
The σhh is determined as
σhh = −1
4
(G2Z · Z + 2g2W+ ·W−)
−λ
4
v2 − 3
4
λ(v + h)2 . (53)
And the Hermitian transformation invariance is appar-
ently. We observe that the σhh depends on the back-
ground vector fields.
The mass matrices have the form σab0,V V =
dia{0, G2(v + h)2/4, g2(v + h)2/4, g2(v + h)2/4} and
σij
0,ξξ = dia{G2(v + h)2/4, g2(v + h)2/4, g2(v + h)2/4}.
The background Higgs field h contributes to the mass
matrices. Due to the gauge fixing term we have chosen,
we observe that the vector boson, its corresponding
Goldstone and ghost fields, have the same mass term,
similar to the Feynman-’t Hooft gauge. The m2h is
the mass of Higgs boson, which is determined as
m2h = λv
2/2.
The mixing term between the vector and Goldstone
bosons is a 4× 3 matrix, and is determined as
↼
X
µ,aj
ξ =

0 −i g2g′
G
(v + h)W−,µ i g
2g′
G
(v + h)W+,µ
G∂µh i g
2G
(g2 − g′2)(v + h)W−,µ −i g
2G
(g2 − g′2)(v + h)W+,µ
−i g2
2
(v + h)W+,µ −g∂µh− 1
2
igG(v + h)Zµ 0
i g
2
2
(v + h)W−,µ 0 −g∂µh+ 1
2
igG(v + h)Zµ
 ,
while the matrix
⇀
X
µ,aj
ξ is a 3×4 matrix and is just the re-
arrangement of the
↼
X
µ,aj
ξ due to our Hermitian transfor-
mation (charge conjugate and transpose transformation),
and here we do not rewrite it explicitly. The mixing term
between vector and Higgs bosons is determined as
↼
X
µ,a
h = {0,−
1
2
G2(v + h)Zµ,
−1
2
g2(v + h)W+,µ,−1
2
g2(v + h)W−,µ} .(54)
The mixing term
⇀
X
µ,a
h is the rearrangement of the
↼
X
µ,a
h
and is omitted here. The mixing terms between Higgs
and Goldstone bosons are determined as
Xα,ihξ = {−GZα, gW−,α, gW+,α} , (55)
X ihξ,0 = {−
G
2
∂ · Z, g
2
d ·W− − i1
2
(
g2
G
−G)W− · Z,
g
2
d ·W+ + i1
2
(
g2
G
−G)W+ · Z}. (56)
The terms Xα,iξh and X
i
ξh,0 are also the rearrangement of
Xhξ and Xhξ,0, and are omitted here. To extract the
mixing terms between Higgs and Goldstone bosons, we
have used the EOM of vector fields given in Eqs. (27—
29).
It is an interesting fact that in both Weinberg’s deriva-
tive power counting rule and Georgi-Manohar’s power
counting rule, those propagators and mixing matrices
given in Eq. (43) are counted as 2;
9There is one remarkable feature about the ghost term:
in the Feynman-’t Hooft gauge we take, the UEM(1)
ghost does not decouple from interaction with other ghost
fields. This is different from the common knowledge with
pure Abelian gauge theories where ghosts are expected
to decouple. The underlying reason is that the UEM(1)
ghost field is a mixture of the UY (1) and SUL(2) ghosts
and it couples to charged ghost fields while compatible
with the principle of gauge invariance. Such a nondecou-
ple behavior also help to cure the ambiguity in the gauge
fixing when a theory with a semi-simple group symmetry
has U(1) groups [59].
VI. EVALUATING THE TRACES AND
LOGARITHMS
By diagonalizing the quantum vector fields, Goldstone
fields, and Higgs fields successively, we can integrate out
all quantum fluctuations by using the Gaussian integral
[29]. And the L1−loop can be concisely expressed as the
traces and logarithms
Trvu − 1
2
[
Tr lnV V + Tr ln
′
ξξ + Tr ln
′′
hh
]
, (57)
where

′ij
ξξ = 
ij
ξξ −
⇀
Xξ
−1
V V
↼
Xξ , (58)

′
hh = hh −
⇀
Xh
−1
V V
↼
Xh , (59)

′′
hh = 
′
hh −X ′hξ
′−1
ξξ Xξh , (60)
X ′hξ = Xhξ −
⇀
Xh
−1
V V
↼
Xξ , (61)
X ′ξh = Xξh −
⇀
Xξ
−1
V V
↼
Xh . (62)
Terms Tr ln′ξξ and Tr ln
′′
hh are dependent on the se-
quence as how to integrate quantum fields, and are de-
termined by the following relations
Tr ln′ξξ = Tr lnξξ
+Tr ln(1− ⇀Xξ−1V V
↼
Xξ
−1
ξξ ) , (63)
Tr ln′′hh = Tr ln
′
hh
+Tr ln(1−X ′hξ
′−1
ξξ Xξh
′−1
hh ) . (64)
In order to extract all divergences at one-loop level, we
need to expand the Eq. (57) to exact propagator terms
and interaction terms. Thanks to the gauge fixing terms
given in Eqs. (39—41), we find that only the following
terms can contribute the divergences
∫
x
L1−loop = Trc¯c − 1
2
[
Tr lnV V + Tr lnξξ + Tr lnhh − Tr(
⇀
Xξ
−1
V V
↼
Xξ
−1
ξξ )− Tr(
⇀
Xh
−1
V V
↼
Xh
−1
hh )
−Tr(Xhξ−1ξξ Xξh−1hh )−
1
2
Tr(Xhξ
−1
ξξ Xξh
−1
hhXhξ
−1
ξξ Xξh
−1
hh ) + · · ·
]
. (65)
Here the Tr means to sum over space-time points,
Lorentz indices, and group indices, respectively. Thanks
to the property of the Tr, the above equation clearly
shows that divergences are independent of the sequence of
integrating-out quantum fields. Even when finite terms
are considered, this is also true. This is a pleasant re-
sult which confirms that the sequence to integrate out
quantum fields has no physical meaning.
Since we only care about divergence structure, and we
omit the finite terms by · · · . We would like to remark
that each term in Eq. (65) corresponds to a series of
Feynman diagrams. In principle, we can make a corre-
spondence between Feynman diagrams and terms in Eq.
(65), though it is cumbersome.
In both power counting rule, these terms can be
counted as 0. So we must extract divergence structure
from these terms, which should be counted as p4 terms
in the Weinberg’s power counting rule and dimension 4
in the Georgi-Manohar power counting rule.
VII. DIVERGENCES AND THE
RENORMALIZABILITY AT ONE-LOOP LEVEL
To extract divergences, we need to introduce the third
counting rule to count the superficial divergence degree of
freedom, so that we can know which terms in the traces
and logarithms contain divergences. When we calculate
with the Schwinger proper time method in coordinate
space, we introduce the following superficial divergence
power counting rule
[∂µ]d = −1, [xµ]d = 1, [τ ]d = 2, (66)
where the ∂µ means the differential partial operator
which might appear in the vertices, the xµ means the vec-
tor in the coordinate space, the τ means the Schwinger
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proper time. The total divergence degree of a term de-
pends on the number of integrals over the coordinate
space, nx, the number of proper time integrals, nτ , the
power index of the differential partial operators, vd, the
power index of coordinate vectors, vx, and the power in-
dex of proper times, vτ . For example, the number of
integrals over the coordinate space
∫
x
∫
y
is counted as 2,
the number of integrals over the proper time integrals
∫
τ
is counted as 1, the power index of ∂x∂y is counted as 2,
the power index of xµ1x
ν
2 is counted as 2, while the power
index of τ1τ
2
2 is counted as 3. At one-loop, after express-
ing each term given in Eq. (65 with exact propagators in
the coordinate space, we observe the following superficial
power counting rule
Ω = 4− (nx − 1)d− (2 − d/2)nτ
+vd − 2 vτ − vx . (67)
Here d means the dimension of the space-time. There is
only one integral in the coordinate space is taken as 4,
while others integrated out are taken as d. Only positive
Ω means divergence.
With this superficial divergence power counting rule,
the traces and logarithms in Eq. (65) are badly diver-
gent. However, the terms with Ω = 4 contribute to the
vacuum and can be removed by a global normalization
factor in path integral, and the terms with Ω = 2 can
be reduced to logarithmic divergences in the dimensional
regularization method. Therefore there are only logarith-
mic divergences which are physically meaningful.
Then by using the heat kernel method [37, 38] directly,
we obtain the following divergence structures from the
contributions of Tr ln in the Eq. (65)
1
2
ǫ¯T r lnV V = −20g
2
3
H1 − (2g
4 +G4)
16
(v + h)4 , (68)
1
2
ǫ¯T r lnξξ = +
g2
12
H1 +
g
′
2
12
H2 +
1
12
L1 − 1
24
L2 − 1
24
L3 − 1
12
L4 − 1
24
L5
+
G2g
′
2
16
(v + h)2Z · Z + g
2(G2 + g2)
32
(v + h)2W+ ·W−
−3
4
(∂2h)2
(v + h)2
+
∂2h
4(v + h)
(
2g2W+ ·W− +G2Z · Z)− 1
8
(2g2 +G2)(v + h)∂2h
− 1
64
(G4 + 2g4)(v + h)4 , (69)
1
2
ǫ¯T r lnhh = − 1
16
L5 +
1
32
λ[v2 − 3(v + h)2](G2Z · Z + 2g2W+ ·W−)
+
3
32
λ2v2(v + h)2 − 9
64
λ2(v + h)4 − 1
16
λ2v4 , (70)
− ǫ¯T r lnvu = = −2g
2
3
H1 +
G4 + 2g4
32
(v + h)4 , (71)
where 16π2/ǫ¯ = (2/ǫ − γE + ln(4π2), γE is the Euler
constant, and ǫ = 4−d. For the convenience to construct
counter terms, we have deliberately add a sign in each
term in the Eq. (65). In the Eq. (69), we would like to
mark terms proportional to (∂2h), which are impossible
to be extracted if we work in the momentum space.
The divergence terms from the mixing terms with two
propagators are calculated by using the technique shown
in [49] and are given as
− ǫ¯
2
Tr(
⇀
Xξ
−1
V V
↼
Xξ
−1
ξξ ) =
g2g
′
2
8
Z · Z(v + h)2 − g
2 +G2
8
(v + h)2(G2Z · Z + 2g2W+ ·W−)
−1
2
(2g2 +G2)∂h · ∂h , (72)
11
− ǫ¯
2
Tr(
⇀
Xh
−1
V V
↼
Xh
−1
hh ) = −
g2g
′
2
8
Z · Z(v + h)2 − g
2
8
(v + h)2(G2Z · Z + 2g2W+ ·W−) , (73)
− ǫ¯
2
Tr(Xhξ
−1
ξξ Xξh
−1
hh ) = −
1
2
(tBB1 + tBB2 + tBC + tCC) , (74)
tBB1 = −g
2
6
H1 − g
′
2
6
H2 +
1
6
L1 + 1
6
L2 + 1
6
L3 + 1
6
L4 − 1
6
L5
−1
2
(
g2
G2
− 1)2L6 + 1
2
(
g2
G2
− 1)2L10 − G
2
4
(∂ · Z)2 − g
2
2
(d ·W+)(d ·W−)
−i g
2g
′
2
G
[(d ·W+)(W− · Z)− (d ·W−)(W+ · Z)] , (75)
tBB2 = −1
4
L2 − 1
4
L3 − 1
2
L4 + 1
4
L5
− 1
16
(v + h)2(2g4W+ ·W− +G4Z · Z)− 3λ
16
(v + h)2(2g2W+ ·W− +G2Z · Z)
+
λ
16
v2(2g2W+ ·W− +G2Z · Z)− 1
4(v + h)
(2g2W+ ·W− +G2Z · Z)∂2h , (76)
tBC = (
g2
G2
− 1)2L6 − ( g
2
G2
− 1)2L10 + G
2
2
(∂ · Z)2 + g2(d ·W+)(d ·W−)
−i g
2g
′
2
G
[(d ·W+)(W− · Z)− (d ·W−)(W+ · Z)] , (77)
tCC = −1
2
(
g2
G2
− 1)2L6 + 1
2
(
g2
G2
− 1)2L10 − G
2
4
(∂ · Z)2 − g
2
2
(d ·W+)(d ·W−)
+i
g2g
′
2
2G
[(d ·W+)(W− · Z)− (d ·W−)(W+ · Z)] . (78)
Here the term proportional to ∂2h in Eq. (76) comes
from the σξξ, and it is impossible to find such a compact
divergence term if we work in momentum space.
Due to the derivative coupling between the Goldstone
and Higgs boson, the term with four propagators (two
Goldstone and two Higgs propagators) also contributes
divergences, which can be extracted out and given as
− ǫ¯
4
Tr(Xhξ
−1
ξξ Xξh
−1
hhXhξ
−1
ξξ Xξh
−1
hh ) = −
1
12
L4 − 1
24
L5 . (79)
In the Weinberg’s power counting rule, these divergences
are counted as p4 due to the proper momentum assign-
ment on the dimensionless couplings. While in Georgi-
Manohar’s power counting rule, these divergences are
counted as dimension 4. In these intermediate results,
there are extra divergence structures as shown by those
Li. These extra intermediate divergence structures are
defined as
L1 = gg
′
2
Bµνtr(TWµν) , (80)
L2 = i g
′
2
Bµνtr(T [V µ, V ν ]) , (81)
L3 = itr(Wµν [V µ, V ν ]) , (82)
12
L4 = [tr(VµVν)]2 , (83)
L5 = [tr(VµV µ)]2 , (84)
L6 = tr(VµVν)tr(T V µ)tr(T V ν) , (85)
L7 = tr(VµV µ)[tr(T V ν)]2 , (86)
L8 = g
2
4
[tr(TWµν)]2 , (87)
L9 = i g
2
tr(TWµν)tr(T [V µ, V ν ]) , (88)
L10 = 1
2
[tr(T Vµ)tr(T Vν)]2 . (89)
These operators have been used to construct the set of
complete operators of the EWCL when C, P, T, and CP
discrete symmetries are conserved [3, 4].
To sum over all contributions yields the following total
divergence structures as
ǫ¯Dtot = −43g
2
6
H1 +
g′2
6
H2 − 3
16
L5 − 3
32
(2g2 +G2)(v + h)2(G2Z · Z + 2g2W+ ·W−)
+
3
8(v + h)
∂2h(G2Z · Z + 2g2W+ ·W−)− 3
64
(2g4 +G4 + 3λ2)(v + h)4
−λ
2
64
v4 +
3λ2
32
v2(v + h)2 − 1
2
(2g2 +G2)∂h · ∂h− 1
8
(2g2 +G2)(v + h)∂2h− 3(∂
2h)2
4(v + h)2
. (90)
It is remarkable that terms related with the EOM of clas-
sic vector fields are exactly eliminated out, and there is no
trace of it at all. However, here we observe there are some
extra divergences, like L5, ∂2h(G2Z · Z + 2g2W+ ·W−),
and (∂2h)2, etc., which can not be eliminated. Terms
proportional to ∂2h are beyond the reach of the pertur-
bation calculation method in the momentum space.
If we stop here, then it seems that our calculation pro-
cedure can not demonstrate the renormalizability of the
renormalizable theory, therefore it should be rejected as
a proper method to construct divergences of EWCL. For-
tunately, in the background field method, we can use the
EOM of classic fields. By using the linear realized Higgs
model as a guide and using the EOM of the Higgs field
given in Eq. (30) carefully, the total divergence structure
can be reformulated as
ǫ¯Dtot = −43
6
g2H1 +
1
6
g
′
2H2 − 2g
2 +G2
8
(v + h)2(G2Z · Z + 2g2W+ ·W−)
−2g
2 +G2
2
∂h · ∂h+ 1
32
(6λ+ 2g2 +G2)λv2(v + h)2
− 1
64
[(6g4 + 3G4) + (2g2 +G2)λ+ 12λ2](v + h)4 − 1
16
λ2v4 . (91)
We observe that all the extra divergence structures Li
and ∂2h are eliminated out. This just indicates that the
extra divergence structure just cancel out exactly with
each other, and even the terms like (∂Z)2 do not appear
in the total divergence structures. This is exactly the
meaning of the renormalizability. Even no extra gauge
fixing term of the background fields should be added to
the Lagrangian, and the equations of motion of the back-
ground fields are sufficient. This is a pleasant result and
really support our renormalization procedure.
By using the reverse Stueckelberg transformation [36],
the background Goldstone fields (the longitudinal com-
ponent of the vector bosons) can be restored in the La-
grangian. Therefore the Lagrangian contains the correct
dynamic degrees of freedom at low energy region. It is in-
teresting to observe that these divergence terms (counter
terms) are counted as p4 in the Weinberg’s power count-
ing rule and simply dimension 4 operators in the Georgi-
Manohar’s power counting rule. In Weinberg’s power
counting rule, these p4 divergences can be absorbed by
refining operator’s renormalization constants, which in-
duce the anomalous dimension matrix among operators;
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while in the Georgi-Manohar’s power counting rule, these
divergences of dimension 4 operators can be absorbed by
redefining the renormalization constants of fields, cou-
plings and mass parameter, like the standard renormal-
ization procedure.
Here we would like to point out that in order to justify
the perturbation method, in the realistic consideration,
even we can define both these two power counting rules in
our theory, we must require that all couplings in the loop
expansion should be weak couplings in order to guarantee
the validity of the perturbation expansion.
There are terms which contribute to the vacuum. After
using the normalization of the partition functional, these
terms can be eliminated out.
We would like to mention that the coefficients of H1
and H2 have the correct value which contribute to the
β functions of the gauge couplings g and g′, as calcu-
lated with a linearly realized Higgs doublet, respectively.
According to the well known results [39, 40, 41], the β
function of non-Abelian gauge theory can be expressed
as
g3
16π2
(
−11
3
× 2 + 1
3
× 1
2
)
. (92)
While the β function of Abelian gauge theory can be
expressed as
g′3
16π2
(
1
3
× 1
2
)
. (93)
Our results given in Eq. (91) agree with these well-known
results.
One interesting observation is that the Goldstone par-
ticles only contribute half of quantities of a Higgs doublet.
This can be read out from Eq. (69). In the nonlinear real-
ized Higgs, another half comes from the Goldstone-Higgs
mixing contribution, as shown in Eq. (75). To produce
these correct β functions of gauge couplings also convince
us that our renormalization procedure can be correct for
the systematic renormalization of the EWCL.
Here we observe that the coefficients of the terms (v+
h)2(G2Z ·Z+2g2W+ ·W−)/8 and ∂h·∂h/2 are equal, and
this is not accidental. If we reformulate the Lagrangian
in its linear form, the combination of these two terms
just yields the term (Dφ)† · (Dφ). We have used this as a
guideline to eliminate the ambiguity in the usage of the
EOM of classic Higgs field.
VIII. DIVERGENCES OF O(p2) WITHOUT A
HIGGS BOSON
When the Higgs field is assumed to be decoupled from
low energy phenomenology and only O(p2) operators (in
Weinberg’s power counting rule) are considered, the clas-
sic Lagrangian is modified as
L = −H1 −H2 + v
2
4
tr[V · V ] . (94)
After taking into account the quantization in the back-
ground field method, the active degree of freedom of the
system includes quantum vector boson, quantum Gold-
stone boson, and ghost fields. By working in the mass
eigenstates, the gauge fixing terms are determined as
LGF,A = −1
2
(∂ · Â
−ie(Ŵ− ·W+ − Ŵ+ ·W−))2 , (95)
LGF,Z = −1
2
(∂ · Ẑ − 1
2
GvξZ
+i
g2
G
(Ŵ− ·W+ − Ŵ+ ·W−))2 , (96)
LGF,W = −(d · Ŵ+ + 1
2
gvξ+W + i
g2
G
Z · Ŵ+
−i g
2
G
W+ · Ẑ + ieW+ · Â)
(d · Ŵ− + 1
2
gvξ−W − i
g2
G
Z · Ŵ−
+i
g2
G
W− · Ẑ − ieW− · Â) . (97)
Compared with the case with a nonlinearly realized Higgs
boson, these gauge fixing terms are obtained from Eqs.
(39—41) by setting h = 0. These gauge fixing terms are
covariant background field gauges when we rotate they
back to weak interaction eigenstate basis. The bilinear
terms of the quantum fluctuations can be expressed as
Lquad = −
{
1
2
V̂ †aµ 
µν,ab
V V V̂
b
ν +
1
2
ξ†iijξ ξξ
j
+vaabvuu
b
+
1
2
V̂ †,aµ
↼
X
µ,aj
ξ ξ
j +
1
2
ξ†,i
⇀
X
ν,ib
ξ V̂
b
ν
}
. (98)
These operators can be obtained from Eq. (43) by set-
ting h = 0. While other parts, like the gauge potential,
etc, are not modified. After performing the path integral
to integrate out all quantum fluctuations, the one-loop
effective Lagrangian can be expressed as
∫
x
L1−loop = Trc¯c − 1
2
[
Tr lnV V + Tr lnξξ
−Tr(⇀Xξ−1V V
↼
Xξ
−1
ξξ ) + · · ·
]
. (99)
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After extracting divergences, we obtained the following
divergence structure
ǫ¯Dtot = −29
4
g2H1 +
1
12
g′2H2
+
1
12
L1 − 1
24
L2 − 1
24
L3 − 1
12
L4 − 1
24
L5
+
3(G2 + g2)
8
× v
2
4
tr[V · V ]
−3g
′2
8
× v
2
4
(Tr[T V ])2
− 3
64
(2g4 +G4)v4 . (100)
We observe that without the help of the Higgs field, those
divergences can not be eliminated out any more. Here we
mark two facts: 1) The β functions of the gauge couplings
are correct when we count the active degree of freedom.
The β function of g is given as
βg =
g3
16π2
(
−11
3
× 2 + 1
6
× 1
2
)
. (101)
The β function of g′ is given as
βg′ =
g′3
16π2
(
1
6
× 1
2
)
. (102)
The β function of the v2 is given as
βv2 =
v2
8π2
× (3(G
2 + g2)
8
) . (103)
2) The β functions for the anomalous couplings are com-
pletely determined by the evaluation of the exact Gold-
stone propagator, which can be formulated as
ββ =
1
8π2
× (−3g
′2
8
) , (104)
βα1 =
1
8π2
× 1
12
, (105)
βα2 =
1
8π2
× (− 1
24
) , (106)
βα3 =
1
8π2
× (− 1
24
) , (107)
βα4 =
1
8π2
× (− 1
12
) , (108)
βα5 =
1
8π2
× (− 1
24
) . (109)
By solving these RGE of the anomalous couplings, the
logarithmic contributions of the heavy Higgs can be
found and reproduce the ”screening” effects of Higgs
[5, 30] to low energy phenomenology.
Due to our definition of the covariant differential oper-
ator given in Eq. (14) and Euclidean space, we observe
several sign differences in our divergences when compared
with the well-known results [3, 4, 27, 28, 29]. Compared
with the well-known paper given by Appelquest and Wu
[6], our β parameter has a sign difference due to the Eu-
clidean space, and our triple anomalous couplings have
the opposite signs due to the definition of the covariant
differential operator given in [6] has the following form
Vµ = U
†∂µU + iU †WµU − iBµ . (110)
After realizing these differences, we find complete agree-
ments between our results and with these well-known re-
sults.
As matter of fact, sign differences existed in literatures
are due to the fact there exist discrete symmetries in the
definition of the partition functional
g → ±g , g′ → ±g′ , v → ±v , (111)
which can explain why there exist arbitrariness in the def-
inition of the covariant differential operator. In the path
integral, vector boson and Goldstone both are assumed
to be real fields, there exists another type of discrete sym-
metries in the field definition which corresponds to the
above discrete symmetries in couplings (here we regard
v as a coupling)
W → ∓W , B → ∓B , ξ → ∓ξ . (112)
These symmetries cause convention problems in the
anomalous couplings at O(p4) order.
The fact that our renormalization procedure can repro-
duce the divergences of these O(p2) operators reinforces
our belief that our renormalization procedure is correct.
IX. BRST TRANSFORMATIONS
The BRST global transformation [59] is very impor-
tant to formal proof of the renormalizability of the spon-
taneous symmetry breaking models and gauge indepen-
dence of the S-matrix. Here we ask the question: in our
calculation procedure with nonlinear realization, is there
such a global transformation? The answer is yes. Below
we explicitly construct the BRST transformation in the
BFM formalism in the nonlinearly realized Higgs model
and inO(p2). We have referred the BRST transformation
without spontaneous symmetry breaking [64] and in the
linearly realized Higgs doublet [65] for our construction.
We start with the BRST transformation with a lin-
early realized Higgs field. Due to the fact that in the
background field method we can choose different gauges
for the classic and quantum fields, the background Gold-
stone fields can be eliminated from the Lagrangian by
choosing the unitary gauge for the background vector
fields. So the Higgs field can be parameterized as
Φ =
1√
2
(
1(v + ρ+ ρ̂) + iφˆiT i
)
. (113)
The gauge fixing terms in this linearly realized Higgs
field can be expressed as
FY = ∂ · Bˆ + g′(v + ρ)φ3 ,
F iW = (δ
ij∂ + gf ijkW j) · Wˆ k + g(v + ρ)φi . (114)
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Here we notice that in these gauge fixing terms the
SUc(2) isospin symmetry originated from SU(2) has been
explicitly broken by FY , so we can not rotate φ
1, φ2, and
φ3(= φZ) any more. Here we observe that the quantum
fluctuation of Higgs field, ρ̂, does not enter into the gauge
fixing terms.
For both the renormalizable linearly realized Higgs
model and the EWCL up to O(p2) operators, there exists
a universal rotation matrix for all the gauge group pa-
rameters, quantum vector fields, ghost fields, which can
be expressed as
cw sw 0 0
sw −cw 0 0
0 0 1√
2
i√
2
0 0 1√
2
− i√
2
 .
Then we observe that this rotation changes the functional
measure with a trivial constant number, which is inno-
cent and does not affect physics. After this rotation,
the index of vector fields a changes from {Y, 3, 1, 2} to
{A,Z,W+,W−}. While there are only three Goldstone,
their index can be represented as i, which is changed from
{3(Z), 1, 2} to {Z,W+,W−}, due to the remnant UEM(1)
symmetry. While the group structure constants f ijk of
SU(2) also are also changed and the new group struc-
ture constants gijk with indices as i = {Z,W+,W−} are
determined by the commutation relations of generators,
TZ , T+, and T−.
[T+, T−] = T 3 , [T 3, T+] = T+ , [T−, T 3] = T− .(115)
We have g+−3 = g3++ = g−3− = −g−+3 = −g+3+ =
−g3−− = 1.
The BRST transformation of the quantum system in
the mass eigenstate basis can be formulated as
δBVˆ
a
µ = −Dabµ (V + Vˆ )ub ,
δBu
a = − i
2
ηaigijkωjbωkcubuc ,
δB(φ
†)i = −(v + ρ+ ρ̂)(u†)aηai ,
δB ρ̂ =
1
4
(u†)aηaiφi ,
δBv
a = Ba ,
δBB
a = 0 . (116)
The charge conjugate has been added to guarantee the
correct charge number for each equations. The i in the
δBu
a indicates the change of from real fields to complex
fields.
The η is a 4× 3 matrix, which is given as
e 0 0
− g2
G
0 0
0 g 0
0 0 g
 ,
and ω is a 3× 4 matrix, which is given as sw −cw 0 00 0 1 0
0 0 0 1
 .
In order to guarantee the derivative power counting
rule, the BRST transformation δB is assumed to change
the power by the unit +1, and ghost fields are assumed
to be [v]p = [u]p = 0. The matrix η contains the
gauge couplings and [η]p = 1 which guarantees that this
power counting rule can hold. While for the mass dimen-
sion power counting rule, δB is also assumed to change
the power by +1, and ghost fields are assumed to be
[v]m = [u]m = 1. The matrix η is dimensionless in mass
dimension power counting rule.
In both these two power counting rule, the matrix ω is
dimensionless.
However, both these two assignments can not be con-
sistent for the last equation. Anyway, after integrating
out the auxiliary field Ba and using the on-shell condition
for the u type ghost fields given as
δF a
δαb¯
ub¯ = 0 , (117)
the Lagrangian enjoys the on-shell BRST transformation
and can be consistent with both these two power counting
rules.
As shown in [59], the ghost-BRST is sufficient for the
demonstration on the perturbation renormalizability and
gauge independence of S-matrix.
The relation between the linearly realized and nonlin-
early realized Higgs and Goldstone fields are given as [36]
(v + ρ+ ρ̂) + φiT i = (v + h+ ĥ)U iζ
iT i , (118)
with the relations between the component fields given as
ρ = (v + h) cos ζ − v , (119)
ρ̂ = ĥ cos ζ , (120)
φi = (v + h+ ĥ)ζˆi sin ζ . (121)
Where ζ =
√
ζi,2, and ζˆi = ζi/ζ. The ζi are the phase
angle which parameterize the Goldstone fields with ζi =
2ξ/(v + h).
By checking the gauge transformation of Higgs fields,
the BRST transformation of quantum fluctuations in
mass eigenstate basis is modified as
δBVˆ
a
µ = −Dabµ (V + Vˆ )ub ,
δBu
a = − i
2
ηaigijkωjbωkcubuc ,
δB(ξ
†)i = −1
2
(v + h)(u†)aηai ,
δBĥ = 0 ,
δBv
a = Ba ,
δBB
a = 0 . (122)
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The reason for the δBĥ = 0 can be easily understood: in
the nonlinear form, ĥ field is a SU(2) singlet. But the
δBĥ poses a new dilemma for both power counting rules
if we want to assign powers to BRST transformation,
compared with the case in the linear form given in Eq.
(116), where both these two power counting rules sustain
with on-shell ghost fields. However, the Lagrangian with
a nonlinearly realized Higgs fields is consistent with the
relation δBĥ = 0.
When the Higgs scalar decouples or there is no Higgs
at all, the BRST transformation of quantum fluctuations
in mass eigenstate basis in the EWCL up to O(p2) is
modified as
δBVˆ
a
µ = −Dabµ (V + Vˆ )ub ,
δBu
a = − i
2
ηaigijkωjbωkcubuc ,
δB(ξ
†)i = −1
2
v (u†)aηai ,
δBv
a = Ba ,
δBB
a = 0 . (123)
These constructions just show that there is no diffi-
culty to construct the BRST transformation even with
nonlinear realization. However, the BRST transforma-
tion does not necessarily guarantee the renormalizabil-
ity of the nonlinear realization of the spontaneous sym-
metry breaking for any higher loop order. Even in the
nonlinearly realized Higgs boson, the Feynman rules of
Goldstone bosons and the superficial divergence power
counting rule make the renormalizability of the model
obscure.
X. DISCUSSIONS AND CONCLUSIONS
In this paper, by using the dimensional regulariza-
tion (a symmetry preserving regularization scheme) and
Feynman-’t Hooft gauge in the background field method,
we show how our calculation procedure can demon-
strate the renormalizability of the nonlinearly realized
Higgs in the SM, can produce correct β functions of
gauge couplings, and can reproduce well-known results
on the divergences of the O(p2) operators in the EWCL.
Compared with those calculations with Landau gauge
[3, 4, 27, 28, 29], our results show that those diver-
gences are gauge independent if a renormalizable gauge
are taken. In the Rξ gauge, the ordering of perform-
ing loop integrals and taking the limit ξ → ∞ can
not be exchanged. This may explain why the diver-
gences extracted by using the unitary gauge can not agree
with other renormalizable gauges. We conclude that our
method can serve as a reliable method to extract the di-
vergences of the EWCL.
Below we would like remark on the regulation method
existed in literatures. Reference [8, 9] introduces a Higgs
field as a regulator, after renormalization the effective
Lagrangian the Higgs was taken to the decoupling limit.
This procedure can not produce the correct β functions of
gauge couplings and anomalous couplings of the EWCL
without a Higgs, since the basic degree of freedoms are
different before and after the decoupling limit. A careful
matching must be made between the EWCL with a Higgs
and the EWCL without a Higgs. Only after this match-
ing procedure, the β functions for anomalous couplings
can be correctly obtained.
In the Slavnov’s scheme[66], higher dimensional covari-
ant operator are introduced as a regulator. Such a regu-
larization scheme has been used by J. J. van der Bij and
B. Kastening [15] to study the radiative correction of two
point functions in the EWCL. By using the standard su-
perficial divergence counting rule, it is obviously that this
regularization method can improve the divergence power
counting behavior but can not lead to a consistent treat-
ment to all divergences in the theory [67]. The biggest
trouble is that it can not produce the correct β func-
tion for the gauge couplings in the renormalizable gauge
theory, as pointed out in [67, 68], which also means the
breaking of unitarity of the S-matrix. For us, to use it
as a regulator to nonlinear gauged sigma model seems to
be more problematic.
Recently, Y.L. Wu has proposed [69] a new symmetry
preserving regularization scheme. Whether this scheme
can be used to perform systematic renormalization of low
energy QCD chiral Lagrangian or EWCL needs further
study.
About our renormalization procedure, there are two
remarks on it:
1) Although we have explicitly demonstrate the renor-
malizability at one-loop level, and have constructed the
BRST transformation formally, it is reasonable to ask
whether the renormalizability in this calculation is acci-
dental or necessary, like the one-loop renormalizability
for the gravity? Can it work at two-loop level or higher?
These questions are worthy of our future study.
2) Due to the semi-simple structure of the SU(2)×U(1)
symmetry, and the symmetry breaking pattern SU(2)×
U(1) → U(1), in the vector sector and ghost sector, we
can have both the weak interaction eigenstates and mass
eigenstates. It is natural to ask whether our calculation
procedure in the weak interaction eigenstates are also vi-
able. In weak interaction eigenstate basis, the BRST of
SU(2)× U(1) can be more easily constructed. In princi-
ple, although massless vector fields theory has the prob-
lem of infrared divergences, when we only consider the
ultraviolet divergences, it is possible to calculate in the
weak interaction eigenstate basis. The computation in
the weak interaction eigenstates is worthy of examina-
tion in our future work.
By using these concepts and methods, we will explore
the systematic renormalization of the EWCL in our fu-
ture works [31].
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